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B cooTBeTCTBHH c KJiaccHCpHKannen, npHHSToii b Teopnii HHTerpiipyeMbix no JlHyBHjuiio raMHJib- 

TOHOBblX CHCTeM, BBIHHCJieHBI THIIBI KpiITH^IGCKIIX TOMeK BCeX paHrOB HHT6rpajlBHOrO OTo6pa- 

>KeHHa 3afla i iH o flBHsceHHH rnpocTaTa KoBajieBCKoii b abohhom chjiobom none. 
KjiKJieBBie cjioBa: zupocmam KoeaAeecKou, deounoe noAe, mun KpumuuecKou itiohku. 



1. HcxoflHtie cooTHomeHHH. 06o6meHHe cjiynaa C.B. KoBajieBCKoft, Haft- 
fleHHoe 6jiaro/],apH BKjia^y aBTopoB pa6oT [THE], flo cnx nop Majio H3yneHO. Cn- 
Ch . CTeMa, onncbiBaioinaH flBHJKeHne rnpocTaTa c ycjioBHHMH THna KoBajieBCKoft b 
| flByx CHjioBbix nojiax (HanpHMep, nojie cnjibi Ta>KecTH n MaranTHOM), aBjiaeT- 
ca HenpHBOflHMoii HHTerpHpyeMoit raMHjibTOHOBon cncTeMoft c TpeMH CTeneHHMH 
CBo6oflbi. CooTBeTCTByiomHe ypaBHeHna Snjiepa-lIyaccoHa 3annnieM b Bnpj3 



2wi = uj 2 {u 3 - A) + /3 3 , 2Co 2 = -^i(w 3 - A) - a 3 , uj 3 = a 2 - f)\, 

Oil = Q 2 W 3 - a 3 UJ 2 , Pi = /3 2 UJ 3 - ^2, 

a 2 = a 3 uji - aiuj 3 , /3 2 = /3 3 wi - f3iu 3 , 
a 3 = aiu 2 ~ a 2 uj±, /3 3 = [3iuj 2 - fo^i- 

3,a;ecb cjj,aj,/3fc - KOMnoHeHTbi b no^BHJKHbix ochx BeKTopa u yrjioBoft CKopo- 
cth Tejia n BeKTopoB a,/3, xapaKTepncTnnecKnx rjih chjiobmx nojieft, T.e. BeKTO- 
poB, HanpaBjieHHbix no och cnMMeTpnn nojia, c MOflyjieM, BKjnonaioinHM b ce6a 
bck) CKajiapHyio xapaKTepncTHKy BsaHMO/jencTBHH Tejia n nojra. TaKHM o6pa30M, 
BeKTopbi neHTpa Mace n MamnTHoro MOMema nojin CTaHOBHTca e,zniHHHHbiMH . B 



X 

?h ' nacTHOCTH, reoMeTpnnecKne HHTerpajibi npnBOflHTCH k BHfly 

,2 



a a = a z , (3-(3 = b, a ■ (3 = 0. (1) 



Hx coBMecTHbift ypoBeHb b M y (u;, a, (3) o6o3HannM nepe3 V . MeHHH npn Heo6- 
xo/];hmocth nopaflOK BeKTopoB b no/i,BHJKHOH CHCTeMe OTcneTa n cnnTaa 3a/i,any 
HecHMMeTpnnHoft, nojiynnM a > b > 0. IlepBbie HHTerpajibi b HHBOjnonnn TaKOBbi: 

H = u)\ + uj 2 + -w| - ai - f3 2 , 

K = [u\ - oj\ + ai - f3 2 ) 2 + (2wi^ 2 + a 2 + p 1 ) 2 + 

+ 2A[(o; 3 - \)(oj 2 + uj\) + 2bj x a 3 + 2u 2 f3 3 ], 
G = X -{M 2 a + M 2 ) + i( W3 - A)M 7 - b 2 ai - a 2 p 2 . 



Pa6oTa BBinojmeHa npn (pHHaHCOBofi noflflepjKKe POOH (rpaHTBi JY 2 10-01-00043, 10-01-97001). 
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3fl,ecb o6o3HaHeHo 

M a = 1u x a\ + 2w 2 a 2 + (w 3 + \)a 3 , M p = 2u^i + 2co 2 f3 2 + (^3 + A)/3 3 , 
M 7 = 2ui(a 2 /3 3 - a 3 /3 2 ) + 2w 2 (a3/3i - ot-iPz) + (w 3 + X)(a 1 p 2 - a 2 Pi). 

BBe^eM HHTerpajibHoe oto6p a jKeHHe 



MHOJKecTBO ero kphthhcckhx ToneK coctoht H3 flBHJKeHHH Tejia cneiBaajibHoro 
BH,n;a. Bo-nepBBix, bto nojioHceHHH paBHOBeciia (icpHTHHecKHe tohkh paHra 0). 
Hx b paccMaTpHBaeMOH CHCTeMe pobho neTbipe [3]. Bo-BTopbix, sto TaK Ha3biBae- 
Mbie oco6bie nepHCflHHecKHe flBHHceHHH - TaKHe 3aMKHyTbie TpaeKTopHH, KOTopbie 
caMH hbjihiotch op6iiTaMH Bcex Tpex raMHjibTOHOBbix nojieft, onpeflejieHHbix 06- 
ihhmh HHTerpajiaMH H, K, G, T.e. op6nTaMH nyaccoHOBa flelicTBHH Ha inecTHMep- 
hom cpa30BOM npocTpaHCTBe. Ohh cocTaBjieHbi H3 KpHTHHecKHX tohck paHra 1. B 
sto ceMeitcTBO BxoflHT h cenapaTpHCbi, B03HiiKaiomHe npn 6ncpypKau,HH oco6bix 
nepnoflHHecKHX flBHHceHHH npn npoxojKfleHHH nepe3 HeycTOHHHBoe nojionceHHe 
paBHOBecna. Bee peineHHH TaKoro BH^a HaltfleHbi h CBefleHbi k sjijinnTHHecKHM 
KBa^paTypaM b pa6oTe [S]- KpiiTiiHecKHe tohkh paHra 1 opraHH30BaHbi b ,n;By- 
MepHbie MHoroo6pa3HH. 

HaKOHeil, B KpHTHHeCKOe MHOJKeCTBO BXOflHT ^ByMepHbie TOpbl JlHyBHJIJia, 

KOTopbie TaKJKe hbjijhotch op6nTaMH nyaccoHOBa fleitcTBHH, T.e. He nojiyneHbi b 
pe3yjibTaTe cnynaHHOH coH3MepHMOCTH nacTOT Ha flBHJKeHHH o6mero J\By- 

MepHbie TOpbl COCTOHT H3 KpHTHHeCKHX TOHeK paHra 2 H (pOpMHpyiOT MHOJKeCTBa, 
KOTOpbie nOHTH BCKJ/iy HBJIHIOTCH HeTbipeXMepHblMH CHMnjieKTHHeCKHMH MHoro- 

o6pa3HHMH. CjioBa "noHTH BCKyry" 3Recb cym,ecTBeHHbi, Tax KaK TonojiorHH Ta- 

KHX nOHTH MHOrOo6pa3HH flOCTaTOHHO CJIOJKHa H flO KOHHa He BblHCHeHa ,n,a>Ke B 

cjiynae HyjieBoro rnpocTaTHHecKoro MOMeHTa, Kor/ja cooTBercTByioiHHe CHCTeMbi 
CBe^eHbi k KBa^paTypaM [BJ[7]. O/niaKO b paccMaTpHBaeMOH 3aflaHe HMeeTCH hx 
aHajiHTHHecKoe onncaHHe [5JEJ]. IlpHBefleM 3flecb Heo6xoflHMbie hohhthh h cpop- 
Myjibi. 

BHCpypKan,HOHHaH /HiarpaMMa OTo6p a>KeHHH ([2]) coflepjKHTCH b o6 r be,HHHeHHH 
cne/ryioiHHX (nepeceKaioiHHXCH) no,n,MHOJKecTB npocTpaHCTBa M. 3 (h,k, g) [8]: 
1) npHMbix 




(2) 




2) noBepxHOCTH 




A 2 



A 2 



4 

p — r 



,1 



III : < 



(3) 
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3) noBepxHOCTii 



n 2 : < 




s 6 M\{0}. 



(4) 



3flect. n flajiee Hcnojib3yioTCH o6o3HaneHHH p 2 = a 2 + b 2 , r 2 = a 2 — b 2 . 

MHOJKeCTBa U± nopOJK^eHbl CeMeftCTBaMH MaHTHHKOBblX /IBHJKeHHH, b koto- 

pbix ocb KOJie6aHHii opToroHajibHa o6ohm chjiobbim nojiHM (cymecTBOBaHne TaKHX 

flBHJKeHHH flJIH ^HHaMHHeCKH CHMMeTpHHHOrO TMpOCTaTa C npOH3BOJIbHbIM OTHO- 

nieHHeM oceBoro h BKBaTopnajibHoro momchtob HHepnnn b abohhom none BnepBbie 
yKa3aHO b [TU]): 



B COOTBeTCTBHH C Bbl6opOM 3HaKa o6o3HaHHM MHOJKeCTBO TOHeK TaKoro ceMeficTBa 

nepe3 A4±. 3to - ppa, flByMepHbix MHoroo6pa3HH, /uicpcpeoMopcpHbix inuiHHflpy. 

MHO»cecTBO KpHTHHecKHX ToneK HHTerpajibHoro OTo6pa»:eHHH, jieJKam,HX b 
npoo6pa3e noBepxHOCTH Hi, Ha30BeM KpnTnnecKon noflcncTeMoii Mi (i = 1,2). 
MHOJKecTBa M\p iiohth BCKyiy hbjihiotch neTbipexMepHbiMH MHoroo6pa3HHMH. 
HeTpyflHO BH,a,eTb, hto ceMeitcTBO M- nejiHKOM co,a,ep>KHTca b M\, a ceMeftcTBO 
M + nepecexaeTCH c noflCHCTeMoit M± TOJibKO no flBiiJKemiHM co 3HaneHHflMH 
3HeprHH 3a npe^ejiaiviH HHTepBajia 



IlepeceHeHHa MHoroo6pa3nii M± c KpnTnnecKon noflcncTeMoft _M 2 TaKJKe jierKO 
Haxo,a,HTca. 3to - flBHxeHHa, jie»caiHHe Ha ypoBHHX h, co,a,ep:>Kaiii,HX nojioiKeHHH 
paBHOBecHH (no ppa, ypoBHa b keuk^om ceMeiicTBe). KpoMe Toro, b KajKflOM H3 
ceMeftcTB HMeeTcn no oflHOMy ypoBHBO h, nona^aioineMy b M2, flBHJKeHnn Ha 

KOTOpOM OKa3bIBaiOTCH BbipOJKfleHHblMH KaK KpHTHHeCKHe TOHKH paHra 1. CoOT- 

BeTCTByiom,He 3HaneHHH SHeprnn yKa3biBaiorcH HHJKe npn HccjieflOBaHnn TnnoB 
KpnTnnecKHX ToneK. 

BBe,a,eM cncTeMy KOMnjieKCHbix Koop/nmaT 



a x (3 = ±abe 3 , u = ipe 3 , 
a = a(ei cos p> — e 2 simp), (3 = ±6(ei shop + e 2 cos <p) 
p = — (a ±b) sin p. 



(5) 




(6) 



xi = (ai - fa) + i(a 2 + fa), 
yi = (ai + fa) + i(a 2 - fa). 

z\ = a 3 + ifa, 



X 2 = (ai - fa) - %{pL2 + fa), 

2/2 = (ai + fa) - i(a 2 - fa), 
Z2 = "3 - ifa, 

LJi - 10J2, w 3 = U) 3 . 



^jih napaMeTpoB p, r HMeeM npe^cTaBjieHne: 





(T) 
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OnncaHHe mhojkcctb AA\,M 2 mojkho nojiynHTb cjiejxyioinHM o6pa30M |S]. 
MHOJKecTBO Aii ecTb 3aMbiKaHHe noflMHoncecTBa b (pa30BOM npocTpaHCTBe V 6 , 
3a^aHHoro ypaBHeHHHMH 

Vi = r rr{wi(w 3 - X)[x 2 w 1 + z 2 (w 3 + A)] + 

WiW2[W3 - X) 

+ x 2 z 1 w 1 + xiz 2 w 2 + 2:1^2(103 + A)}, 

1 (8) 

y 2 = rr{w 2 (w 3 - X)[x 1 w 2 + zi(w 3 + A)] + 

wiw 2 (w 3 - A) 

+ X 2 ZlW\ + XiZ 2 W 2 + z\z 2 {w 3 + A)}. 

IIpn 3tom (pHrypnpyioinHH b ([3]) napaMeTp s - nocTOHHHan nacTHoro HHTerpajia 
Si Ha M. 1 : 

s ^ _ x 2 ziwi + x 1 z 2 w 2 + ziz 2 (w 3 + A) 
2w 1 w 2 (w 3 - A) 

B cbok) onepeflb, MHoncecTBO A^2 ecTb 3aMbiKaHHe no^MHOJKecTBa b cpa30B0M 
npocTpaHCTBe "P 6 , sa/jaHHoro ypaBHeHHHMH 

yi = 7 — : 77 — ; — rr[w 2 (w 2 + x 1 )(x 2 ziWi + x x z 2 w 2 - 

[W\w 2 + Xw 3 )(w 2 xi + A^ijA 

+ 2ziz 2 X) + 2:2(^1^3 + z\)(wizi - xiw 3 )X- 
— (xiwl - 2z\wiw 3 - z 2 )z 2 A 2 ], 

y2 = 7 — ; 77 — : — rr[wi(wl + x 2 )(x 2 ziWi + X\z 2 w 2 - 

[w\w 2 + Xw 3 )[w\x 2 + Az 2 JA 

-x\x 2 w 3 + 2ziz 2 A) + xi(w 2 w 3 + Z2)(^2-^2 - £2^3)^- 
— (x 2 wl - 2z 2 w 2 w 3 - z%)zi\ 2 ]. 

IlapaivieTp s 6H(pypKanHOHHOH noBepxHOCTH @ - nocTOHHHaa nacTHoro HHTerpa- 
jia S 2 na M. 2 : 

X\X 2 W 3 - X 2 Z\W\ - X\Z 2 W 2 - Xz\z 2 

09 = . 

2A(wi^ 2 + Au; 3 ) 

IloflCHCTeMbi A^i,A^2 nepeceKaioTca TaKHce no MHoncecTBy KpnTHnecKHX to- 
neK paHra 1, cocTaBjriiioiHHX ceMeiicTBO oco6bix nepnquHnecKHX flBHHteHHH, 3a- 
flaHHbix ypaBHeHHHMH (27), (29), (30) pa6oTbi [5]. tlx ,a,jiH KpaTKocTH 3/i,ecb He 
noBTopneM. YKasaHHan cHCTeMa ypaBHeHHft, Ha KOTopyro 6ya;eM ^ajiee ccbijiaTbcn 
KaK Ha ypaBHeHHH (011,11,), Bbipa>KaeT Bee cpa30Bbie nepeivieHHbie nepe3 o,n,Hy ne- 
peivieHHyio w, (pH3HnecKHH napaivieTp A h jjsa BcnoMoraTejibHbix napaMeTpa a, u, 

CBH3aHHbIX COOTHOHieHHeM 

A 2 (A 2 + a) 2 u 5 + (A 2 + a)[2p 2 X 4 - (A 2 + afa}au A + n 1 . 

+r 4 AW + 2r 4 AV 4 (A 2 + a) 2 u 2 - r 8 X 8 a 6 = 0. 



(10) 
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H3MeHeHHe e/piHCTBeHHoft cbo6o/ihoh nepeMeHHoit w(t) onpe^ejiaeTCH /i,H(p(pepeH- 
iniajibHbiM ypaBHeHHeM (32) pa6oTbi [5], KOTopoe HHTerpnpyeTCH b sjijinnTHHe- 

CKHX (pyHKIIHHX. 

OTMeTHM, hto o6pam,eHHe b Hyjib 3HaMeHaTejieH b BBip a JKeHHHX , CBH3aHHbix 
c no^cHCTeMaMH .Mi,.M2, npHBOflHT jih6o k toh nacra flBHJKeHnii BHfla (jSJ), ko- 
Topaa jieJKHT b .Mi, jih6o k flBHJKeHHHM paHra 1, onncaHHbiM CHCTeMoft (OUff)- 
Ycjiobmh cym,ecTBOBaHHH nocjie/iHHX no,zi,po6HO nccjieflOBaHbi b 

D,ejib HacTOHineft pa6oTbi - BbinncjiHTb b TepMHHax BBefleHHbix napaMeTpoB 
aHajiHTiinecKHe xapaKTepncTHKH , Bbipa*:aioiHHe Tun KpnTiinecKHX Toneic b cmbic- 
jie onpe/i,ejieHHa |12| . 3HaHHe rana KpHTHnecKoft tohkh HHTerpnpyeMOH CHCTeMbi 
OTBenaeT h Ha Bee Bonpocbi, CBioaHHbie c xapaKTepoM ycTOHHHBOCTH npoxo/iHineH 
nepe3 Hee TpaeKTopHH. fljis nojiojKeHiift paBHOBecna h MaHTHHKOBbix flBHJKeHHit 
(0) Tun KpHTHHecKHX ToneK 6mji npe^cTaBjieH b flOKjia^e |13| . B nacTHOCTH, 6bijio 
noKa3aHO, hto HHTepBaji §6§ fljia ^BHJKeHHH ceMeiicTBa M + OTBenaeT oco6eHHO- 
cth THna "cpoKyc-cpoKyc". 

2. KpHTHHecKae tohkh paHra 2. Tnn KpHTHnecKOH tohkh xq paHra 2 b 
HHTerpnpyeMOH CHCTeMe c TpeMH CTeneHHMH CBo6o,zibi BbinncjiHeTCH cjieflyioinnM 
o6pa30M. Heo6xo^HMO yKa3aTb nepBbin HHTerpaji F, TaKofi, hto dF(xo) = h 
dF /Ob OKpecTHOCTH stoh tohkh. Torfla, b nacTHOCTn, Tonica xq OKa3biBaeTCH 
Heno^BiiJKHOH rjisl raMHjibTOHOBa nojia sgrad F n mojkho BbinncjiHTb jiHHeapn3a- 
hhk> 3Toro nojia b Tonice xq — CHMnjieKTHnecKnii onepaTop Ap b inecTHMepHOM 
KacaTejibHOM npocTpaHCTBe k cpa30B0My npoerpaHCTBy b Tonice xq. 3tot onepa- 
Top 6yjreT HMeTb neTbipe HyneBbix co6cTBeHHbix nncjia, ocTaBinnnca comhojkh- 
Tejib xapaKTepncTHHecKoro MHoronjieHa HMeeT bh^ /j? — Cp. ilpn Cp < nony- 

HHM TOHKy THna "neHTp" (cOOTBeTCTByiOinHH ^ByMepHblH TOp - 3 JIJIHnTHHeCKHH , 

HBjiaeTCH ycTolinHBbiM MHoroo6p a3HeM b (pa30BOM npocTpaHCTBe, npe^ejioM koh- 
HeHTpnnecKoro ceMeiicTBa TpexMepHbix peryjiapHbix topob), a npn Cp > nojiy- 
hhm TonKy THna "ce/ijio" (cooTBeTCTByiomnH ^ByMepHbiH Top - rHnep6ojiHnecKHH, 
cymecTByioT flBHJKeHHH, acHMnTOTHnecKne k 3TOMy Topy, jiejKainne Ha TpexMep- 
Hbix cenapaTpncHbix noBepxHOCTax) . 

B Hamen 3aflane CHTyainrn ocjio>KHeHa TeM, hto cpa30Boe npocTpaHCTBO 3a,n,a- 
ho b R 9 TpeMH HeHBHbiMH ypaBHeHHHMH ([I]) h BbinHCjiHTb orpaHHHeHHH onepaTO- 
poB Ha KacaTejibHbie npocTpaHCTBa 3aTpya,HHTejibHO. OflHaKO cpyHKiniH b jieBbix 
nacTHX ypaBHeHHH ([T]) cjiyjKaT (pyHKHHHMH Ka3HMHpa pjm ecTecTBeHHoro npo- 
flOJiJKeHHH Ha R 9 cko6kh riyaccoHa CHMnjieKTHnecKoii CTpyKTypbi npocTpaHCTBa 
TSO(3), no3TOMy npn BbiHHCJieHHH CHMnjieKTHnecKnx onepaTopoB BHfla Ap ohh 

JIHHIb flo6aBHT TpH HyjieBblX KOpHH B XapaKTepHCTHHeCKHH MHoronjieH, HMeiO- 

m,Hit b nejioM fleBHTyio CTeneHb. TaKHM o6pa30M, mbi 3apaHee 3HaeM, hto npn 
ycjiOBHH sgrad F = hckombih K03Cp(pHii;HeHT Cp ecTb KoscpcpninieHT npn fi 7 b 
xapaKTepncTHnecKOM MHoronjieHe Zp{p) onepaTopa Ap b R 9 : 

Zp(p) = -fi 7 (fi 2 - C F ). 

CaM »ce onepaTop A p BbiHHCjiaeTCH h npn Hajinnnn BbipoJKfleHHbix cko6ok Ilyac- 
coHa (flJia pacciviaTpHBaeMoro 3/;ecb npocTpaHCTBa R 9 ohh onpe^ejieHbi hbho 
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B [T]). OTMeTHM, HTO npH BblHHCJieHHH xapaKTepncTHHecKoro MHOrOHJieHa ne- 
pe3 onpe^ejiHTejib cooTBeTCTByiomeH (9x9)-MaTpHHbi Tpy/JHOCTH fljra HeKOTopbix 

(pyHKHIffl 0Ka3bIBaK)TCH CJIHHIKOM BblCOKH f\cDKe npH HCnOJIb30BaHMII MOIHHblX C0- 

BpeMeHHbix CHCTeM aHajiHTHHecKHX BbiHHC jieHHH . O^HaKO, 3apaHee 3Haa b ,n;aH- 
hom cnynae CTpyKTypy hckomoto MHoronjieHa, MOJKeM HaliTH 

C F = - [trace (-A|) - (trace Ap) 2 ] = trace(A|)/2, 

TaK KaK cjie/j; jiio6oro CHMnjieKTHHecKoro onepaTopa paBeH Hyjiio. 

Teopeivia 1. Tun KpumuuecKux moueK pama 2 e KpumuuecKOU nodcucmeMe 
Ail onpedeAfimcn 3hclkom neadpama xapaKmepucmuuecKoso noKa,3amejifi 



2 1 

" = 2~s 



\2 

2s 2 -2(h+ — )s+p 2 



(12) 



zde s - 3HaueHue napaMempa e coomeemcrneywu^eu mouKe ([3]) noeepxHocmu 
IIi. KpumuuecKite mourn UMtwrn mun "v^enmp" npu u 2 < u mun "cedjio" npu 
u 2 > 0. TIpu n = KpumuuecKue mouKU eupowcdenu. Ha noeepxHocmu 111 mho- 
wcecmeo eupoMcdennux KpumuuecKux moneK omeeuaem pe6py eo3epama u au- 
nuu kciccihuh c noeepxHocmbm II2. 

^OKASATEJIbCTBO. PaCCMOTpHM (pyHKHHK) L = 2G — (p 2 —t)H + sK. BblHHC- 

jthh ee kocoh rpa^neHT b TOHKax ([8]) h npnpaBHHBaH ero k Hyjiio, HaflfleM 



Si, 



T = Ti=p 2 + 2Si(Si-H + 



A 



(13) 



IlOJIHepKHeM, HTO nOflCTaHOBKH 3THX 3HaHeHHH S, T HyjKHO BbinOJIHHTb nocAe Bbl- 

HHCjieHHH sgradL. ITosTOMy nojiyneHHoe nojie sgradL o6paiiiaeTCH b Hyjib jiiiuib 
b caMoii paccMaTpiiBaeMoii tohkb, ho He b ee OKpecTHoeiH, oneflOBaTejibHO, oc- 
HOBHoe Tpe6oBaHHe k HHTerpajiy L BbinojiHeHO. 3/j;ecb h /iajiee npn npoBepKe 
TO»c/j,ecTB jih6o cooTHOHieHHli, noflfl6Hbix paBeHCTBaM (1 1 3 p . Hcnojib3yioTCH npejj,- 
CTaBJieHHS d?]). 

Bmhhcjihm trace(^4 2 )/2, no/j,CTaBHM 3HaneHHJi (fT3|) . 3aTeM - ([7]) h ©, h, b 
nocneflHioio onepe^b, yHTeM ypaBHeHHH ([8]). HaftfleHHoe BbipajKeHHe nepe3 hc- 
xo/j;Hbie (pa30Bbie nepeMeHHbie cpe/jcTBaMH KOMnbioTepHofi ajire6pbi pa3jiaraeTca 
Ha MHOJKHTejiH, KOTopbie ,a,aioT HCKOMoe 3HaHeHHe (I12p . TexHHKa npeo6pa30BaHHii 
3Jj;ecb cpaKTHHecKH coBna/j,aeT c toh, KOTopaa npHMeHHjiacb b [S] npn BbiHHCjie- 
hhh cko6ok IlyaccoHa HHBapnaHTHbix cooTHonieHHH, onpe/j;eji5iioiHHX KpHTHHe- 
CKHe no^cHCTeMbi. Xapaicrep kphthhcckhx ToneK onpefleiraeTCH 3HaKOM BejiHHH- 
hm (I12p . Tot cpaKT, hto npn paBeHCTBe ee Hyjiio KpHTHHecKHe tohkh BbipoJK/jeHbi 
(t.c Hejib3H yxa3aTb jjpyroro HHTerpajia c HeHyjieBbiM xapaKTepncTHHecKHM 3Ha- 
neHHeivi), BbiTeKaeT H3 Toro, hto KoacpcpHinieHT npn G b cpyHKii^HH L OTjinneH ot 

HyjIH, a paBeHCTBO dG = npHBOJIHT K KpHTHHeCKHM TOHKaM paHra 1. CBH3b MHO- 

jKecTBa fj? = c reoMeTpHHecKHMH CBoitcTBaMH noBepxHOCTeli IIi 2 npoBepaeTCH 



Henocpe/j,CTBeHHO . 



□ 
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Teopeivia 2. Tun KpumuuecKux mouen pama 2 e KpumuuecKou nodcucmejvie 
M2 onpedeAnmcn 3hclkom Keadpama xapaKmepucmuuecKozo noKa3ameAR 



zde s - 3HaueHue napaMempa e coomeemcmeymv^eu mouKe Q noeepxHocmu 
II2. KpumuuecKue mouKU UMemm mun "v ) eHmp" npu /j? < u mun "cedjio" npu 
fi 2 > 0. JJpu fj, = KpumuuecKue mouKU eupoMcdenu. Ha noeepxHocmu II 2 mho- 
Mcecmeo eupomcdeuHux KpumuuecKux mouen omeeuaem pe6py eo3epama u au- 
huu KaamuR c noeepxHocmbK) Hi. 

^jih ,a;oKa3aTejibCTBa cHOBa B03bMeM cpyHKinno L, bbihhcjihm ee kocoh: rpa- 
flneHT h y6e,a,HMca, hto oh o6pamaeTCH b Hyjib Ha MHoroo6pa3HH M2, T.e. b cnjiy 
ypaBHeHHlt Q, ho y»ce b no,a,CTaHOBKe 



BbiHHCjiHH MaTpnuy jiHHeapH3au,HH nojia sgradL h Haxo,n,a cjie/i, ee KBa/ipaTa, 
hckjhohhm nepeMeHHbie y\ , yi c noivioinbio ypaBHeHnft ()10p . IIojiyHHM HCKOMoe 
BbipajKeHHe (I14D . ^ajibHeftiHHe paccyjK,n,eHHH TaKHe ysze, KaK h b ,qoKa3aTejibCTBe 
TeopeMbi 1. 

3. KpHTHHeCKHe TOHKH paHra 1. ^JIH BblHHCJieHHH THna KpHTHHeCKOH 

tohkh xq paHra 1 HyjKHO HaftTH rb& HHTerpajia Fi,F2, He3aBHCHMbix b npoico- 

JIOTOit OKpeCTHOCTH Xq, TaKHX, HTO B CaMOft TOHKe dF\ = 0, (IF2 = 0, CHMnjieKTH- 

necKHe onepaTopbi Ap 1 , Ap 2 He3aBHCHMbi h cymecTByeT hx jiHHeftHan KOM6nHa- 
uhh, HMeioman neTbipe pa3JiHHHbix co6cTBeHHbix 3HaneHHa. 3,u;ecb h ,n;ajiee no/; 
/nicpcpepemniajioM cpyHKnnn, 3a,naHHoft Ha BceM npocTpaHCTBe M 9 , noHHMaeTCH 
orpaHHHeHHe nojiHoro /nicpcpepeHnnajia Ha KacaTejibHoe npocTpaHCTBO k cpa30- 
BOMy npocTpaHCTBy P 6 , 3aflaHHOMy reoMeTpHnecKHMH HHTerpajiaMH. IIpocTbie 
y paBHeHHH , no3BOjraioiHHe npoBepnTb ycjioBHe dF = Ha V 6 He bbo^h Heonpe^e- 
jieHHbix MHOJKHTejieft fljisi orpaHHHeHHii ([1]), npHBefleHbi, HanpHMep, b [5]. 

KaK noKa3aHO b [5], oco6bie nepno/ninecKHe ^BHJKeHHH, 3a/;aHHbie ypaBHe- 
HH2MH (011,11,), npnHa/yie^KaT nepeceneHHio KpHTHnecKHX noflCHCTeM AA\,M.2- 
OnKcnpyeM TOHKy xq Ha TaKOM penieHHH h nycTb 

Si = Si(xo), n = Ti(x ), Li(x) = L(x)\ s=SiiT=n (i = 1, 2). 

KaK cjie^yeT H3 npHBe^eHHbix Bbinie pe3yjibTaTOB, ^ncpcpepeHiniajibi cpyHKnnft 

Li,L,2 B TOHKe Xq paBHbl HyjHO H OTJIHHHbl OT HyjIH B 6jIH3KHX K Heft TOHKaX. 

CnivinjieKTHHecKHe onepaTopbi, nopojKfleHHbie cpyHKHHHMH L\,L2 b TOHKe xq, b 
pa3jiojKeHHH no co6cTBeHHbiM no^npocTpaHCTBaM 6ynyT OTjinnHbi ot Hyjin jinuib 
Ha ^ByiviepHbix no/nipocTpaHCTBax b T Xo V e , TpaHCBepcajibHbix, cooTBeTCTBeHHO, 
k MHoroo6pa3HHM A4i,M2, n HMeTb Ha 3thx no/i,npocTpaHCTBax co6cTBeHHbie 
nncjia ±fJ,\, ±/U2, onpeflejieHHbie paBeHCTBaMH (I12p c s = s± n (fill) c s = S2- Ecjih 
hh OflHO H3 nnceji /ii,//2 He paBHO Hyjno, to noBepxHOCTH IIi, II2 nepeceKaioTCH 



^ = -t [8AV-r 4 l 2s 2 - 2(h + — )s + p 2 
s 1 J 2 



(14) 



s = S 2 



T = T 2 = 2X 2 S 2 . 
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TpaHCBepcajibHO, ynoMHHyTbie ^ByiviepHbie no/nrpocTpaHCTBa o6pa3yioT npHMyro 
cyMMy, h noTOMy HaiyjeTCH jiHHeftHaH KOM6HHaHHH cpyHKHHH L\ , L2 , CHMiuieKTH- 
HecKHit onepaTop KOTopoit HMeeT Bee pa3jiHHHbie co6cTBeHHbie nncjia. Xoth sto 
paccyjKfleHHe h He coBceM CTporo, ho ero mojkho noflTBep/niTb npHMbiM bbihhc- 
jieHHeM. TaKHM o6pa30M, ecjin J{xq) npHHa^jiencHT TpaHCBepcajibHOMy nepece- 
neHHio 6n(pypKaH,HOHHbix noBepxHOCTeft, to tohks Xo flBjineTCH HeBbipoJK^eHHOH. 

TeopeMa 3. KpumuuecKue mouKU pama 1, JieMcav^ue na mpaeKmopunx oco- 
6ux nepuoduuecKUX deuofcenuil, nennfomcM neeupoMcdennuMU 3a ucKAwnenueM 
CAyuaee, Kosda moum e M 3 , o6pa3oeannasi 3nanenusiMU nepeux unmezpaAoe, jie- 
Ofcum e odnoM U3 CAedymwAix nodMnowcecme: 

1) pe6pe eo3epama noeepxHocmu III, 3adannoM na neu ypaenenueM 

\2 

12s 4 -8(/ i -y)s 3 +p 4 -r 4 = 0; (15) 

2) pe6pe eo3epama noeepxHocmu II2, 3adannoM na neu ypaenenueM 

8AV - r 4 = 0; (16) 

3) npueoil Kacanun noeepxnocmeu IIi , II2 , 3adannou na nux odnuM u meM 
wee ypaenenueM 

2s 2 -2{h + —)s+p 2 = 0. (17) 

Tenepb /jjih onpeflejieHHH rana HeBbipojK^eHHOH KpHTHHecKoft tohkh paHra 1, 
T.e. TaKoft tohkh xq, hto J(xq) He yflOBjieTBopaeT hh o^HOMy H3 ypaBHeHHft ()15p - 
(fT7|) . ,a,ocTaTOHHO yxa3aTb xoth 6bi o/piH HHTerpaji, y KOToporo Kocoit rpa/pieHT 
b TOHKe xq paBeH Hyjuo, a cooTBeTCTByiomHH CHMnjieKTHHecKHH onepaTop HMeeT 
neTbipe HeHyjieBbix co6cTBeHHbix 3HaneHHH. B KanecTBe Taxoro HHTerpajia mojk- 

HO B3HTb (pyHKHHK) K — 2aH, nOCJiyHCHBHiyiO B [!)] HCXOflHOH flJIH nOCTpoeHHH 
MHOJKeCTBa OCo6bIX nepHOflHHeCKHX flBHHCeHHH. 

TeopeMa 4. Ilycmb (fiuKcupoean napaMemp A, a Koncmanmu a, u ydoejie- 
meopnwm ypaenenuw pip . Tozda mun neeupoMcdennou KpumuuecKou mouKU, 
3adannou ypaenenuHMU (OIIJX), onpedejinemcH 3nanaMU c/iedymvu.eu napu Kead- 
pamoe xapaKmepucmuuecKux noKa3ameAeu (co6cmeennux uucen cuMnjieKmuue- 
ckozo onepamopa, nopowedennozo unmezpajioM K — 2aH): 



2 _ 4(u 3 + r 4 A 4 a 3 ) 
' x ~ u\ 2 a(X 2 + a) 



u2{X ]t a) " r ^ V2 [n 3 A 2 - u 2 a{\ 2 + cr) 2 (A 2 + 4a) + r 4 AV 



(18) 



/],OKa3aTejIbCTBO npOBO/JHTCH HenOCpeflCTBeHHbIM BblHHCJieHHeM. 

OTMeTHM, HTO B TOHKBX OCo6bIX nepHOflHHeCKHX flBHJKeHHH 3HaHeHHH HaCT- 

Hbix HHTerpajiOB S\ , S2 HMeioT flocTaTOHHO npocToit bh,t [5] : 



r 4 A 4 £J 2_ u 2 (A 2 +cj) 5 



u 



31 ~ 2u 2 A 2 ' 82 ~ 2AV 
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IlpHMeHeHHe KOMIIblOTepHOH CHCTeMbI aHajIHTHHeCKHX BMHHCJieHHH noKa3MBaeT, 

hto o6pameHHe b Hyjib KaKOH-jm6o 113 BejiiiHiiH (|18p BjieneT, b cmiy ypaBHe- 
hhh ([lip . BbinojiHeHHe o,a;Horo H3 ycjiOBHii (fT5j) - (fT7|) . 3to em;e pa3 no^HepKHBaeT 

CBH3B BBipOJKfleHHblX TOHeK H reOMeTpilHeCKHX OCo6eHHOCTeft 6H(pypKaiI,HOHHbIX 

noBepxHOCTen. Ilo CKa3aHH0My Bbinie, BbiniicjiHTb noKa3aTejin Tuna f 1 1 8 p errje fljia 
o^Horo HHTerpajia HeT Heo6xoflHMocTH. 

OnncaHHe thiiob ToneK Ha TpaeKTopiiax MaHTHHKOBbix flBHJKeHuft ([5]), aHOH- 
cupoBaHHoe b [13] . nojiyHHM, 3aMeTHB, hto TpaeKTopim ceMeftcTB Ai± coctoht 

H3 KpHTHHeCKHX TOHeK nepBbix HHTerpajIOB 

G ± = - l-=(G=fabH). 

(a =F bjvab 

3flecb nocTOHHHbie MBXOKHTejm BBe^eHbi pjih ynpomeHHH BbipajKeraiH co6cTBeH- 

HblX HHCejI. 

Teopeivia 5. KpumuuecKue tuohku ceMeucmea A4 _ neeupoMcdenu Oah ecex 
3HaueHuu anepzuu, KpoMe 

(o + bf + (o - fr) 2 A 4 
2(a + 6) 2 A 2 

Tun amux moueK onpedennemcn 3HanaMU napu Keadpamoe co6cmeeHHUx uuceji 
cuMn/ieKmuuecKozo onepamopa unmezpana 



2 



KpumuuecKue mouKU ceMeucmea M + neeupoMcdenu 3ah ecex 3Hauenuu 
auepzuu, KpoMe 

, A 2 r- , (a - bf + (a + 6) 2 A 4 
h= — ± 2Vab, h= ^ 2 j (a _ l 5)2A2 j - 

Tun amux moueK onpede/isiemcfi sholkclmu napu Keadpamoe co6cmeenHux uucen 
cuMUAeKmuuecKozo onepamopa unmezpana G+: 

2 u A 



B uacmnocmu, na unmepeajie 3Hauenuu snepzuu (J6j) onepamop UMeem uemupe 
KOMnjieKCHUx co6cmeenHux uucjia, nosmoMU coomeemcmeymmxie KpumuuecKue 
mouKU panza 1 na mpaeKmopunx A4+ UMetom mun "oiokuc-qiokuc". 
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4. KpHTHiecKHe tohkh paHra 0. Oco6eHHocTb HyjieBoro paiira npe^no- 
jiaraeT, b nacTHOCTH, paBeHCTBO dH = 0, hto bo3mojkho jihuib b HenoflBHJKHbix 
TOHKax raMHjibTOHOBOH CHCTeMbi. 3,a,ecb nx pobho neTbipe: 

c k :u = ti, a. = (eia, 0, 0), /3 = (0, e 2 b, 0), (19) 

r,a,e e\ = e 2 , = 1 n k = 1, . . . , 4. ynopn/jonnM no B03pacTaHHio h: 

h\ = —a — b, h-2 = —a + b, h$ = a — b, h& = a + b. 

Toiyja ci,C4 6 + , £2,03 € Tohkh (fT9|) npnHafljiejKaT o6eHM KpnTnne- 

ckhm noflCHCTeiviaM M\,M.2 3a o/ihhm HCKjuoneHneM, a hmchho, TOHKa C4 caMoro 
BepxHero nojioJKeHnn paBHOBecnn He npHHa/yiejKHT Aii, ecnn h = a + b jie>KHT b 
HHTepBajie ([S]). 

KaK noKa3aHO b pa6oTe [3], HH/jeKC Mopca raMHjibTOHnaHa H b TonKe c\~ 
paBeH k — 1, hto b 3HaHHTejibHoii Mepe onpe^ejineT noBefleHne CHCTeMbi b ee 
OKpecTHOCTH. B HacTHOCTH, OTCio/ja cpa3y cjie^yeT, hto jihihb caMoe HHJKHee no- 
jioJKeroie paBHOBecna ycToftnnBO. 0,a,HaKO nccjieflOBaHne xapaKTepa HeycToftnn- 
bocth ocTajibHbix ToneK h CTporan KjiaccncpHKannn Tpe6yioT BbiHHCjieHHa THna 
3thx ToneK KaK KpHTHHecKHX ToneK nHTerpajibHoro OTo6pa>KeHHH. 

Teopeivia 6. Tohku ci^ dnsi ecex 3HaueHuu A ^ HejiRmmcn neeupowc- 
dewHUMU KpumuuecKUMU mounaMU pama unmezpaAbHozo omodpaMcenusi. Upu 
amoM c\ UMeem mun 11 i^eHmp-i^eHmp-i^enmp" , C2 — mun " u ) eHmp-u ) eHmp-cedAd\ 
TouKa C3 npu ecex A ^ UMeem mun " i^eHmp-cedAO-cedjio", odnaKo, pa3Mep- 
Hocmb aAzedpu cuMUAeKmunecKux onepamopoe e amou mouKe nadaem do deyx 
npu A 2 = g_, zde 

_ (a + 6) 2 
^ a — 6 

Tohkcl C4 neAHemcR HeeupootcdeuHou npu 3HaueHunx A 2 ^ {g+,gi,g2}> 

9+ = ^TlT' 9i = 2(^-76) 2 <g 2 = 2(^+7&) 2 . (20) 

Ona UMeem mun " cedAO-cedAO-cedAo" npu A 2 < qi, " cedAO-dJOKyc-cfioKyc" npu 
^ 2 ^ (91)^2); u u cedAO-v ) eHmp-u t eHmp n npu A 2 > 52, 3Hauenue A 2 = g+ omeeuaem 
nadenuto pa3Mepnocmu aAzedpu onepamopoe u na mun ne eAunem. 

flOKASATEJlbCTBO. IIoCKOJIbKy BCe TOHKH Cfc HBJIHH3TCH HeBbipOJKfleHHblMH 
KpHTHHeCKHMH TOHKaMH raMHJIbTOHHaHa B CMblCJie Mopca, TO B 3THX TOHKaX TaK- 

jKe dK = 0, dG = 0. He3aBHCHMocTb onepaTopoB Ah, Ak, Aq b TOHKax (|19p npo- 
BepaeTCH Henocpe/i,CTBeHHO b npocTpaHCTBe M. 9 h HapyuiaeTCH jiiinib rjik ToneK 
c 3,4 n P H 3HaHeHHax A 2 = ^zp cooTBeTCTBeHHO. OflHOBpeMeHHO HMeTb no nape cob- 
naflaioinnx co6cTBeHHbix nnceji sth Tpn onepaTopa MoryT jinnib b TonKe C4 npn 
A 2 = q±2, rpp QI1Q2 onpe^ejieHbi b (|2Up . nepeMeHHyro xapaKTepncTnnecKoro mho- 
ronjieHa onepaTopa Ah b TonKe cu £ M 9 o6o3HannM nepe3 x. Ilocjie coKpam,eHnn 
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Ha MHOJKHTejib x , OTBeHaiomiiii reoivieTpHHecKHM HHTerpajiaM, stot MHoronjieH 
HMeeT cjie/ryioiriHe KopHH OTHOCHTejibHO x 2 : 



xf — hk, x| 3 — - 

IlosTOMy Ah He HBjiaeTca peryjiapHbiM sjieivieHTOM cooTBeTCTByiomeH no,najire6- 
pbi jihhib fljia tohkh C4 npn oflHOM H3 ycjioBHH A 2 = qx2- yTBepjK^eHHe TeopeMbi 
cjie^yeT Tenepb H3 aHajiH3a 3HaKOB HaitfleHHbix KopHeft. □ 

SaKJironeHHe. B pa6oTe npe^cTaBjieHa bch HHcpopMaHira 06 aHaiiHTHHe- 

CKHX XapaKTepHCTHKaX KpHTHHeCKHX TOHeK HHTerpajIbHOrO OTo6paJKeHHH flJIH 

HenpHBO/niMoft HHTerpnpyeMOH CHCTeMbi c TpeMH CTeneHHMH CBo6o,abi, onncbi- 
BaiomeH flBHJKeHHe rnpocTaTa THna KoBajieBCKolt b /jbohhom chjiobom nojie. C 

HCnOJIb30BaHHeM yCJIOBHH CyH],eCTBOBaHHJI KpHTHHeCKHX flBHJKeHHH, Hait^eHHbix 

b , npeflocTaBjiaeTCH bo3mojkhoctb nocTpoeHHH /rnarpaMM KpHTHHecKHX no^;- 

CHCTeM, T.e. TaKHX MHOJKeCTB Ha njIOCKOCTH KOHCTaHT flByX He3aBHCHMbIX (nOHTH 

Bcipny) nepBbix HHTerpajioB, KOTopbie KjiaccncpHinipyioT KpHTHHecKHe tohkh no 
paHraM h TunaM. Ilocjie 3Toro b 6ojibHiHHCTBe cjiynaeB mojkho yxa3aTb h xa- 
paKTep 6H(pypKan,HH HHTerpajibHoro MHoroo6pa3HH, npoHcxoflfliHeli npn nepece- 
neHHH cooTBeTCTByioHi,ero ynacTKa 6HcpypKaHHOHHOH noBepxHOCTH b npocTpaH- 
CTBe M 3 KOHCTaHT o6ihhx HHTerp ajioB . B cnjiy bbicokoh TexHHHecKofi cjiojkhocth 
3&RaHH Bps/; jih mojkho paccHHTbiBaTb Ha nojiyneHHe nojiHoit aHajiHTHHecKoft 
KJiaCCHCpHKaHHH TOnOJIOTHHeCKHX HHBapHaHTOB (T.e. nocTpoeHHH Bcex pa3/i;ejiHio- 
ihhx noBepxHOCTeit c yKa3aHHeM ycjioBHft cyniecTBOBaHHH pfinmeanA b npocTpaH- 
CTBe Bcex napaMeTpoB 3a,n;aHH), o/niaKO c noMombio KOMnbioTepHoro MOflejinpo- 

BaHHH MOJKHO nOCTpOHTb HOBbie HHTepeCHbie npHMepbl TpeXMepHOH Gpa30BOH to- 

nojiorHH. 
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Types of critical points of the Kowalevski gyrostat in double field 

M.P. Khariamov, P.E. Ryabov, A.Y. Savushkin, G.E. Smirnov 

The problem of motion of the Kowalevski type gyrostat in double force field is considered. 
According to the classification used in the theory of Liouville integrable Hamiltonian systems, 
the types of critical points of all ranks of the integral map are calculated. 

Keywords: Kowalevski gyrostat, double field, type of critical point. 

Thiih KpHTHHHHx tohok ripocTaTa KoBajieBCtKOi b no,zi,BiHHOMy nojii 

M.II. XapjiaMOB, II. 6. PhSob, O.K). CaByniKiH, T.G. CiviipHOB 

BiflnoBiflHO KJiacn<piKan;ii, npniiHaTOi b Teopi'i iHTerpoBHiix 3a JliyBijijieM raMijiBTOHOBnx 
CHCTeM, o6HHCJieHO Tnnn kphthhhhx tohok Bcix paHriB iHTerpajibHoro Biflo6pa>KeHHa 3&p@n\ 
npo pyx ripocTaTa KoBajieBCBKo'i y noflBiimoMy cmiOBOMy nojii. 

KjiroieBfaie cjiosa: zipocmam KoeajieecbKoi, nodeiune noAe, mun izpumuunoi ttiohku. 
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